One of the elements used in the process of tariff calculation of premiums in motor liability insurance is a bonus-malus system. This systems takes into account the "claims ratio" by means of increases and discounts of the base premium called net premium rates. The aim of this work is to propose an estimation method of the net premium rates in the bonus-malus classes of the motor third-party liability insurance portfolio of individuals. The Bühlmann-Straub model was used for the premium estimation. In order to improve the credibility of the estimated premium rates, a data correction in the classes with premium increase was preformed. An example of the application of the new method is presented based on the data obtained from one of the insurance companies operating on the Polish market, which has reserved the right to stay anonymous.
Introduction
In motor liability insurance premium calculation process consists of two stages: a priori and a posteriori ratemaking (Antonio, Valdez, 2012) . The first is the determination of net premiums, using actuarial methods based on certain risk factors, known as the basic ratemaking variables (Ostasiewicz, 2000) . The premium so defined and increased, among others, by the costs of insurance operations and the security addition is known as the base premium. The second stage of ratemaking consists in the base premium increases and discounts depending on individual risk factors of the insured. One of the components of the posterior ratemaking, commonly used in Europe, are the bonus-malus systems (Lemaire, 1995: 3-4) . These systems differentiate the premium, with respect to the number of claims reported by the insured in the previous insurance period. On the Polish market, insurers offer bonus-malus systems which differ in terms of the number of classes, premium rates and the rules of the transition between the classes of the system (Szymańska, 2014: 43-44) . The amount of contributions determines the technical result achieved in the given type of insurance. In the case of motor liability insurance, in 2015, a record loss of more than one billion zlotys has been reported (Raport o stanie sektora ubezpieczeń po III kwartale 2015).
The aim of this paper is to propose a method of the estimation of the premium rate of the bonus-malus system based on the maximum likelihood method and comparison of the estimated increases and discounts of premiums with the ones used in the audited insurance company. In the estimation of the maximum likelihood premium the Bühlmann-Straub model has been used. In order to improve the reliability of the estimated premium rates, a data correction in the classes with premium increase was used. An example of the application of the new method based on the data obtained from one of the insurance companies operating on the Polish market, which has reserved the right to stay anonymous, was presented.
The calculation of the insurance premium with the credibility method
Let X ij denote the total amount of claims paid (or the number of claims) for the i-th insured (the i-th sub-group) in the j-th year of insurance. Suppose that the insurer has observations x ij , i = 1, ..., N, j = 1, ..., t, which are the realizations of random variables X ij . The amounts of payments x i, t+1 in year t + 1 are not known.
Let us assume that for each i the distribution of the random variable X ij depends on parameter q i and that random variables X ij by given Q i = q i are independent and have the same distribution. Random vector X i = (X i1 , …, X it ) denotes the individual history of insurance for the policy i (i-th sub-group) in a portfolio consisting of N policies (sub-groups). The aim of the insurer is to determine the net premium in the year t + 1 for the contract and the (i-th sub-group), given the vector
Assuming the equivalence of claims and premiums -net premium m(q i ) for contract i (i-th sub-group) is defined by the formula:
Since we do not know q i parameter value, the value of net contributions is unknown.
The premium calculated as a weighted average from the premium for the entire portfolio, i.e. collective premiums 
is called a credibility premium for the the i-th contract (the i-th sub-group), where Z i ϵ [0, 1] is a credibility factor (Kowalczyk, Poprawska, Ronka-Chmielowiec, 2006: 89) .
The estimator of variable X i, t+1 is called a predictor of this variable, while the predictor's value is called a forecast for X i, t+1 based on observations x i1 , …, x it . The basis of the credibility theory is the Bayesian statistical analysis with quadratic loss function (Krzyśko, 1996: 42) .
One of the tasks of the credibility theory is to determine the values of the credibility Z i factor. A small value of the coefficient means that the collective premium is more credible for the insurer than individual premium.
Bülmann-Straub model
The Bülmann-Straub model is a modified Bülmann model (Bühlmann, 1967) , in which the number of policies included in the portfolio of individual subgroups does not have to be equal and which takes into account the importance of contracts in the portfolio. Also, the number of policies may vary periodically (Denuit, Marechal, Pitrebois, Walhin, 2007: 126) .
Model takes into account the weights (ie. the volume of risk) w ij of random variables X ij . If the random variable X ij denotes the arithmetic average of w ij independent random variables with the same distributions, then the numbers w ij are natural weights. In this model, insurance histories may have different lenghts t i for different contracts i. The structure of the data in the model are presented in table 1 (Jasiulewicz, 2005) . As previously assigned, let X i = (X i1 , …, X it ) be a vector of observation of the number of damages for i-th policy (i-th subgroup of policies) during last t years, and let random variable Q i , represent the structure of risk in portfolio.
The assumptions of the Bülmann-Straub model (Bülmann, Straub, 1970 ): 1) For given i and Q i = q i , random variables X i1 , …, X it are independent and 
-structural parameters of risk in portfolio:
where: μ -collective net premium, which is a weighted average of the individual net premiums m(θ i ); the overall mean, it is the expected value of the claim amount for an arbitrary policyholder in the portfolio, φ -describes the average volatility of claims in a group (variation within the group), ψ -describes the variation of claims between groups.
It can be proved that if the assumptions of the Bülmann-Straub model are met, then (Kass, Goovaerts, Dhaene, Denuit, 2001: 144 ...
It can be proved that if the assumptions of the Bülmann-Straub model are met, then unbiased estimators of structural parameters in the portfolio are of the form (Kass, Goovaerts, Dhaene, Denuit, 2001: 157) :
where: If the assumptions of the Bülmann-Straub model are met, the average square error of homogenous and inhomogeneous predictor of credibility premium ) ( i m Q are respectively (Daykin, Pentikäinen, Pesonen, 1994: 186) :
4. An example of application of the model for the evaluation of the bonus-malus premium rates Empirical research was carried out based on the data from the portfolio of the third party liability insurance of individual motor vehicle owners for the time period of four years. Distribution of the insured into bonus-malus classes is consistent with the classification of the insurer. The isolated number of claims and the division into classes according to the value of paid claims is consistent with the ratemaking of insurer. Table 2 shows the bonus-malus system of the audited insurance company (slightly modified in order to preserve the anonymity of the insurance company). This system consists of 10 classes, including three with the increase in the premiums and six with discounts. The insured are assigned to particular classes in a given year by the number of damages reported in the previous year.
The biggest group in the portfolio (average 87%) in the analyzed period were the insured holding a 60% discount of the contribution (which is assigned to the first class of the system, in which the premium rate was 40%). In the second and third class were, respectively, 4% and 3% of the insured. In each of the increase classes the participation of the insured in each of the studied years constituted less than 1%. 
Source: insurance company Figure 1 shows the average number of claims in bonus-malus classes in the studied years. For the analyzed period of time differences in the average number of claims in each class can be observed. In general, the highest number of claims is observed in the classes with the increase in the rate of 100% of the premium, while the lowest in the first class of the system. Compensations up to 10 thousand zlotys constitute on average, in the studied years, 89% of payments in the portfolio. The fraction of remaining payments is on average 11%. However, it should be noted, that the average sum of the payments from these 89% of policies is approximately 246 thousand zlotys per year, and the remaining 11% of insurance policies is over 300 thousand zlotys per year. Approx-imately 33% of the damage of the portfolio in each of the studied years are damages of 1 to 3 thousand zlotys, reported in class 1 or the class with the maximum discount. The average value of compensation paid to each discount class is about 5 to 6 thousand zlotys. Classes with the increase in the contributions are more diverse in terms of the average value of payments in the surveyed years (cf. Figure 3) .
In motor liability insurance individual contribution of net premium in period t + 1 is determined on the basis of the equation (Szymańska, 2014) :
where Π(X, K) -individual net premium for the period t + 1, EX -the expected value of a single damage in the portfolio, EK -the expected value of the number of claims for individual insurance portfolio, b t+1 -premium rate in the period t + 1 In the actuarial literature, the independence between random variables of number and value of the damage is assumed. The aim of this paper is to determine the coefficient b t+1 constituting increase or discount of the premium, dependent on the bonus-malus class. Net premiums have been estimated based on the Bülmann-Straub model. Models based on the theory of reliability do not require assumptions about the form of a random variable distribution describing the size of individual damage in the portfolio and the values of the parameters of this distribution.
The credibility premium was determined by multiplying the expected value of payments and the expected number of claims, estimated on the basis of the Bühlmann-Straub model. Two cases were considered: when the premium reliability is a homogeneous predictor and heterogeneous predictor of net premium. Tables  3 and 4 show the results of the estimation. Taking into account equations (13), (8) and (9) the value of net premium (credibility premium) was determined respectively from the formulas:
The premium rate in each bonus-malus class was calculated as the quotient of net premium in the bonus-malus class and net premium in the portfolio: -the best homogeneous predictor of the expected number of claims in the portfolio. The value of credibility premiums and net premium rates have been presented in table 5. Source: own study Premium rates determined by the credibility method and in particular bonus-malus classes differ significantly from those used in the analyzed insurance company. The estimated rates are higher than those used by the insurer in discount classes, while the lower in increase classes. The analysis shows that the maximum discount should be 30%. Class 7, which in the audited insurance company is the class with a stake of 100% of the premium in conducted analysis should be a class with an increase in the contribution of at least 30% of the premium.
However, attention should be paid to the small amounts of the credibility coefficients achieved by the estimation of damage in all of the bonus-malus classes, except the first one. They imply low credibility of the individual premium determined on the basis of observations for particular bonus-malus classes. According to the credibility theory, it may be caused by a small number of observations in the subgroups (here the bonus-malus classes), small variation between subgroups in terms of the amount (value) of damage or major fluctuations in the amount (number) of damage in time within the subgroups.
In the analyzed portfolio, classes with an increase in the premium were characterized by high variability of the average amount and the number of claims in time.
Since the aim of the study was to determine the premium rates in the bonus-malus classes of the analyzed portfolio and not to determine the very premium, the data was corrected in the classes with premium increase. This correction consisted in assuming the average value and the average amount of damage in each increase bonus-malus class, being equal to their maximum values obtained in the studied years.
It was assumed that:
. The estimation results have been presented in tables 6-8. Source: own study Table 9 . The premium rate in the audited insurance company estimated by the credibility method for the actual data and after correction 203 100 246
Source: own study
Conclusions
The introduction of data correction in the classes with premium increase allowed to improve the credibility of premium in separated classes, according to the bonus-malus portfolio groups, although in the classes with premium increase the credibility coefficients were still low. A possibility to modify the Bühlmann-Straub model and to correct data is one of the advantages of its use, mentioned in the actuarial literature (Kowalczyk, Poprawska, Ronka-Chmielowiec, 2006) . As a result of the correction the mean square errors increase and premiums, especially in the last three classes, are overestimated. However, due to the assumption of the maximum average number and amount of damage in the classes with corrected data, the financial management of the insurer is not threatened. It should also be noted that in the Bühlmann-Straub model, the higher the credibility coefficients, the larger the errors in the reliable premium estimation. Premium rates obtained from the estimation of the data after correction are closer to the rates applied in the audited insurance company. In classes 1-3 with premium discount the estimated rates are higher than insurer's rates. In classes 8-10 with premium increase the estimated rates are lower than those used by the insurance company, despite their overestimation caused by the data correction. It should be emphasized that the rates for class 7, according to the estimation results, should be higher than those used by the insurer.
The estimated rates after data correction, compared to the rates obtained on the basis of actual data, are lower in classes with premium discount and class 7 and higher in classes with premium increase.
